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G From Special to General Theory of  
Relativity

Starting from the puzzling fact that inertial mass and gravitational mass are not experimentally dis-
tinguishable, we encounter Einstein's key insight to the integration of gravity in the relativity theory: 
the equivalence principle. We then explain for which simple but very important case we will de-
scribe the quantitative effects. In the fourth section we study the influence of gravity on ‘clocks and 
yardsticks’, just as in B, where we studied the influence of velocity on length and time. For relatively 
weak gravitational fields, we can derive correct formulas. These formulas apply to even strong 
fields on the outer edge of non-rotating spherical masses, but this we can not prove. Next, we can 
deduce how velocities are transformed between observers, who are ‘immersed to different depths 
in a gravitational field’. This leads to the realization that for a distant observer, the speed of light in a 
vacuum is no longer the same everywhere!
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G1    A Strange Experimental Fact

Which is heavier - a kilogram of lead or a kilogram of feathers? [28-155] The answer to this sup-
posed joke is actually not self-evident. Newton was perhaps the first to have wondered about the 
fact that inertial mass and gravitational mass are experimentally not distinguishable from each other 
(see the quote in A1). In a series of pendulum experiments, he personally investigated the matter 
and noted that the two quantities were proportional to each other. It is only a question of defining 
the units for mass and force in order to make this proportionality into an equality.

In sectiont F1, we almost casually remarked that we have to deal with, in principle, three different 
concepts of ‘mass’:

• Mass as ‘inertial mass’, which resists a change of momentum 

• Mass as  ‘gravitational or heavy mass’, which suffers a force in a gravitational field

• Mass as ‘gravitating mass’, which itself generates a gravitational field

The fact that the ‘field-causing’ mass can be equated with the 'field-experiencing’ mass has never 
caused a stir. But that the ‘inertial’ and ‘gravitational or heavy' masses should be identical has no 
logical basis and was therefore repeatedly tested experimentally. The accuracy that Newton's pen-
dulum experiments achieved was about 1:1000. Probably triggered by thoughts of Ernst Mach, the 
Hungarian Baron Loránd von Eötvös performed, beginning in1899, precision experiments on this 
issue. He improved the accuracy of Newton by many powers of ten. Another significant increase in 
precision was achieved in 1964 by Robert H. Dicke and his team. Given the fundamental impor-
tance of these experiments we present the data of [29-1050ff (!), called 'the phone book' ...] in a 
small table. I have added the drop tower in Bremen because with this experiment for the first time 
not just torsion forces are being measured: It directly examines whether all test masses fall with 
identical acceleration. Since 2005, thanks to new catapult equipment a free fall time of around 9.5 
seconds is achieved   >  https://www.zarm.uni-bremen.de/en/drop-tower/general-information.html .

Misner et al. [29] call this fact "the uniqueness of free fall" or "the weak equivalence principle". This 
experimental fact stands at the beginning of every theory of gravitation. All (small) test bodies fall in 
the gravitational field of a large body at exactly the same speed, regardless of their composition 
and mass. Newton could not answer why this is so and he would not speculate (‘hypotheses non 
fingo’). A good theory of gravitation must, however, provide an answer to this question.

Starting in 1906 Einstein worked on this problem - and in 1908 he realized that he could, in his typi-
cal way, best provide a solution.

who when achieved precision

Newton um 1680 1 : 103

Eötvös 1899 - 1922 5 : 109

Renner 1935 7 : 1010

Dicke et al. 1964 1 : 1011

Braginsky and Panov 1971 1 : 1012

Drop Tower in Bremen since 1990 1 : 1012
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http://www.einsteinjahr-bremen.de/FallturmBremen_Einsteinv1_300605.jpg  
(November 2007, the link is no longer active) 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G2    The Equivalence Principle

What does Einstein do, when no logical explanation can be found for an experimental result? He 
makes that result the starting point for a new theory! He simply elevated the unexplained constancy 
of the speed of light (with Maxwell as his rear guard) to a basic principle and thereby founded the 
STR. In a similar manner he tackles gravity - he makes the equivalency of inertial and gravitational 
mass an axiom. 

This equivalence principle of Einstein is so important that we will present various formulations of it 
(considering [29] we should call it the ‘strong equivalence principle’):

1. In principal, it is not possible in a local experiment to determine whether a laboratory is 
suspended in the gravitational field of a large body causing a gravitational acceleration 
g or whether it is gravitationally free and being subjected to a constant acceleration g.

2. There are no local experiments that can distinguish whether a laboratory is free falling 
in a gravitational field or whether it is resting unaccelerated in gravity-free space.

3. In a homogeneous gravitational field all operations run in exactly the same way as in a 
uniformly accelerated, but gravity-free reference frame.

4. A small laboratory in a gravitational field, falling freely and not rotating, is an inertial 
frame in the sense of the STR.

5. The effect of gravity can be locally produced (or reversed) by a suitable acceleration.

In the third formulation, the claim that the experiments should be ‘local’, that is, they should not 
stretch out over a ‘large’ area of space, is replaced by the requirement that the gravitational field 
should be ‘homogeneous’, which of course in all cases is valid only in a small area to a very good 
approximation. The third formulation is so vividly presented by Einstein himself in his popular pre-
sentation [30] of the relativity theories that it must have been a conscious reference to the descrip-
tion of phenomena in the ship's belly by Galileo (see quote in A2):

   “We imagine a large portion of empty space, so far removed from the stars and other ap-
preciable masses, that we have before us approximately the conditions required by the fun-
damental law of Galilei. lt is then possible to choose a Galileian reference-body for this part 
of space (world), relative to which points at rest remain at rest and points in motion continue 
permanently in uniform rectilinear motion. As reference-body let us imagine a spacious chest 
resembling a room with an observer inside who is equipped with apparatus. Gravitation nat-
urally does not exist for this observer. He must fasten himself with strings to the floor, other-
wise the slightest impact against the floor will cause him to rise slowly towards the ceiling of 
the room. 
 
To the middle of the lid of the chest is fixed externally a hook with rope attached, and now a 
'being' (what kind of a being is immaterial to us) begins pulling at this with a constant force. 
The chest together with the observer then begins to move 'upwards' with a uniformly accel-
erated motion. In course of time their velocity will reach unheard-of values - provided that we 
are viewing all this from another reference-body which is not being pulled with a rope.
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But how does the man in the chest regard the process? The acceleration of the chest will 
be transmitted to him by the reaction of the floor of the chest. He must therefore take up this 
pressure by means of his legs lf he does not wish to be laid out full length on the floor. He is 
then standing in the chest in exactly the same way as anyone stands in a room of a house 
on our earth. If he releases a body which he previously had in his hand, the acceleration of 
the chest will no longer be transmitted to this body, and for this reason the body will ap-
proach the floor of the chest with an accelerated relative motion. The observer will further 
convince himself that the acceleration of the body, towards the floor of the chest is always of 
the same magnitude, whatever kind of body he may happen to use for the experiment. 
 
Relying on his knowledge of the gravitational field (as it was discussed in the preceding sec-
tion), the man in the chest will thus come to the conclusion that he and the chest are in a 
gravitational field which is constant with regard to time. Of course he will be puzzled for a 
moment as to why the chest does not fall in this gravitational field. Just then, however, he 
discovers the hook in the middle of the lid of the chest and the rope which is attached to it, 
and he consequently comes to the conclusion that the chest is suspended at rest in the 
gravitational field. 
 
Should we smile at the man and say that he errs in his conclusion? I do not believe we 
ought to if we wish to remain consistent; we must rather admit that his mode of grasping the 
situation violates neither reason nor known mechanical laws. Even though it is being accel-
erated with respect to the 'Galileian space' first considered, we can nevertheless regard the 
chest as being at rest. We have thus good grounds for extending the principle of relativity to 
include bodies of reference which are accelerated with respect to each other, and as a result 
we have gained a powerful argument for a generalised postulate of relativity. 
 
We must note carefully that the possibility of this mode of interpretation rests on the funda-
mental property of the gravitational field of giving all bodies the same acceleration, or, what 
comes to the same thing, on the law of the equality of inertial and gravitational mass. If this 
natural law did not exist, the man in the accelerated chest would not be able to interpret the 
behaviour of the bodies around him on the supposition of a gravitational field, and he would 
not be justified on the grounds of experience in supposing his reference-body to be 'at rest'. 
 
Suppose that the man in the chest fixes a rope to the inner side of the lid, and that he at-
taches a body to the free end of the rope. The result of this will be to stretch the rope so that 
it will hang 'vertically' downwards. If we ask for an opinion of the cause of tension in the 
rope, the man in the chest will say: “The suspended body experiences a downward force in 
the gravitational field, and this is neutralised by the tension of the rope; what determines the 
magnitude of the tension of the rope is the gravitational mass of the suspended body.” On 
the other hand, an observer who is poised freely in space will interpret the condition of 
things thus: “The rope must perforce take part in the accelerated motion of the chest, and it 
transmits this motion to the body attached to it. The tension of the rope is just large enough 
to effect the acceleration of the body. That which determines the magnitude of the tension of 
the rope is the inertial mass of the body." Guided by this example, we see that our extension 
of the principle of relativity implies the necessity of the law of the equality of inertial and 
gravitational mass. Thus we have obtained a physical interpretation of this law.”       [30-75ff]

Maybe this long quotation will incite you to give one of the generally comprehensible texts from 
Einstein a try. Of course, there are also many drawings, animations, videos and DVDs, which por-
tray these ideas for those not inclined themselves to do the reading. They are all nice and even 
funny – have a look at your leisure. It is amusing to watch Professor Albert together with his eleva-
tor comfortably bolting in free fall down the elevator shaft. I myself am much more interested in the 
drop tower in Bremen, where one can actually perform such free fall experiments for time intervals 
up to 9 seconds, than in these humorous drawings meant to illustrate a thought experiment. 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G3    Our Restriction to a Special Case

The (strong) equivalence principle was for Einstein both the starting point and the litmus test for any 
mathematical formulation of a theory of gravitation. Yet before 1911 he had made little progress. In 
1912 he returned to Zurich from Prague to rejoin his friend and colleague Marcel Grossmann, who 
had meanwhile become a professor at the ETH (Eidgenössische Technische Hochschule = Swiss 
Federal Institute of Technology). He is reported to have beseeched Grossman: "you must help me 
or else I’ll go crazy."   [7-212]   Grossmann was quick to help, and Einstein milked mathematics as 
he had never done before. Soon they found the correct field equations - but rejected them because 
they thought the first approximations did not agree with Newton's theory. In the summer of 1915 
(Einstein had already been in Berlin more than a year) he presented his work to David Hilbert and 
his people in Göttingen. On November 4th, 1915, he submitted to the Prussian Academy another 
essay from the series "On the general theory of relativity". A week later he was forced to make a 
retraction. On November 25th he brought this to an end and published the final version of his equa-
tions. Hilbert had already submitted a work on gravitation on November 20th, but it appeared in 
print only on March 31st, 1916. It also appeared to contain the correct equations. It nearly came to 
an unattractive controversy. Some still try incorrigibly to create a dispute, but since 1997 we know 
definitely that the plagiarism accusation can only apply to Hilbert (see [31-105f]).

In a letter to Arnold Sommerfeld Einstein wrote: “Think of my joy ... that the equations correctly pre-
dict the precessions of the perihelion of Mercury!” And to his friend Paul Ehrenfest: “I was stunned 
for several days by joyful excitement.” [32-216f, translation by Samuel Edelstein] Einstein was also 
completely exhausted and had to be looked after for several weeks.

Lecture notes on Differential Geometry by Marcel Grossmann.  
Einstein frequently played hooky from his mathematics lectures and  
depended on the (beautiful) notes of his friend to prepare for exams 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Einstein writes in his treatise for the Prussian Academy: “The magic of this theory will escape no 
one who grasps it, it is a true triumph of the methods founded by Gauss, Riemann, Christoffel, Ricci 
and Levi-Civita in general differential calculus.” [32-219, translation by Samuel Edelstein] Einstein's 
enthusiasm, as well as that of a few other 'insiders’, could not really be shared by most people (the 
author of this book included) since they were not versed in the mathematical 'tools’ that were used. 
Galileo wrote that the book of nature is written in the language of mathematics - but the math of 
Einstein’s theory is for most people an unreasonable demand. A. Herman writes in his very read-
able biography of Einstein:

“That made some contemporaries angry. The doctor and writer Alfred Döblin said he could 
understand Copernicus, Kepler and Galileo but the new theory - the ‘abominable doctrine of 
relativity’ – excludes him ‘and the immense quantity of all people, including the thoughtful 
and well educated from its insights’. The scientists of today with Einstein at the top had be-
come a ‘brotherhood’, using ‘Masonic signs and communicating in a manner similar to spiri-
tualists with their talking boards'.”            [32-220, translation by Samuel Edelstein]

As with the STR, in the course of several decades a number of individuals have opened wide the 
door to a qualitative understanding of the GTR (General Theory of Relativity) for educated non-spe-
cialists. We can even perform correct calculations for at least the most important special case, 
without first needing to complete several semesters of higher mathematics. For me, the two books 
[15] and [27] already mentioned were most stimulating.

Marcel Grossmann, Albert Einstein, Gustav Geissler and Marcel’s 
brother Eugen during their time as students at the ETH  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Our restriction:

We only calculate the influence of a single, spherical, non-rotating mass with a rather weak 
gravitational field on its surface. We treat only the case of a spherically symmetric, weak 
gravitational field. Weak means: the escape velocity from the surface of the field-producing 
sphere will be much less than the speed of light.

Thus for a box, which is in free fall from a great distance toward the surface of the sphere, the clas-
sic expression is a very good approximation for the kinetic energy:   Ekin = 0.5·m0·v2 . In the diagram 
in section E4, we see that this applies to about v = c/3. The escape velocity of the Earth is only 
about 11.2 km/s, and on the sun's surface it is 618 km/s! These values are far below our limit of c/3 
= 100,000 km/s, at which point our derivation becomes problematic. Our conditions are extremely 
well met almost everywhere in the universe except in the vicinity of very exotic objects like neutron 
stars or black holes. That is particularly true for any location in the gravitational ‘catchment area’ of 
our sun.

Strangely enough the formulas we are going to develop within the limits of our restriction and em-
ploying very elementary considerations will be the exact result even in the case of a strong gravita-
tional field of a non-rotating massive spherical body!

Now let a small laboratory fall from far away along the x-axis toward the center of a spherical mass 
M:

Let the small laboratory have the initial speed given by    0.5·m·v2  =  Ekin  =  -Epot  =  G·M·m / r  
at the beginning of the observation. Through conservation of energy this equation is met at each 
stage of the fall by increasingly smaller values of r and increasingly larger values of v. After division 
by m, we get

v2  =  2·G·M / r  = - 2·Φ(r)     and      v2/c2   =   2·G·M / (c2·r )   =  - 2·Φ(r) / c2   =   2·α / r   =  Rs / r

with the definitions    Φ(r) = - G·M / r ,  α =  G·M / c2  and  RS = 2·G·M / c2.  

Φ(r) is the classical expression for the potential in a Newtonian gravitational field, and RS is the so-
called Schwarzschild radius. For our ever-important radical expression, we have 
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After applying our special preconditions, the value of v2 / c2 and thus the value of 2 • α / r becomes 
very small. The square of α / r is therefore even much smaller, permitting the following reformula-
tion:

Given the fact that Φ(r) = - (α / r) • c2, we can somewhat simplify our radical:

We want to once again satisfy ourselves that this approximation is very, very good: The strongest 
gravitational field in the solar system occurs at the surface of the sun. Check that the value there of 
α / r is about 2.1 • 10-6 !  We smuggled the square of this expression into our calculation above - 
something in the range of 4 • 10-12 ! This term is one million times smaller than the significant term 
2 • α / r.

Our definitions of  Rs ,  α  and  Φ (r)  have also earned a red box:

Now we are prepared to consider the ramifications of the equivalence principle in our important 
special case and to derive how a gravitational field influences the speed of clocks and the length of 
yardsticks. 

Finally, we want to remind ourselves of the assumptions we have made in the derivation of these 
formulas. We can formulate these in several different ways: 

• speeds resulting from free fall starting from rest should be much smaller than c

• the achievable kinetic energy resulting from free fall starting from rest should be much 
smaller than the rest energy  m • c2

• potential energy m • Φ(r) should always be much smaller than the rest energy  m • c2

• the spherical radius of the central mass M should be much larger than its Schwarzschild 
radius, so that the term RS / r outside the sphere is everywhere much less than 1  

It must also be emphasized that the formulas derived above are only valid in the exterior of the 
sphere. Inside, the gravitational field loses strength and at its center – from symmetry reasons 
alone – is zero. This decrease is, according to Newton, linear. We will return to this in H5.
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G4    Clocks and Yardsticks in the Schwarzschild Field

Gravitational fields of non rotating spherical masses are 
often called Schwarzschild fields in honor of the German 
physicist and astronomer Karl Schwarzschild (1873-1916). 
Schwarzschild was concerned at the turn of the century with 
the question of whether the physical space of astronomy is 
really Euclidean or not. He had already begun in 1913 to 
look for the redshift of spectral lines of the sun predicted by 
Einstein. A few weeks after the publication of Einstein's 
equations, he was the first to present an exact solution, and 
some weeks later, he delivered a second solution.

He wrote these works while serving in the war on the East-
ern Front where he contracted a skin disease from which he 
died in 1916.

Let us once again consider our little laboratory, as in the last section, starting from the 'OFF' posi-
tion and falling toward a spherical mass. We want to compare the measurements of an observer in 
this laboratory to those of a non-moving observer in OFF position, that is, to an observer at rest and 
at a very large distance from M (and any other large mass). 
 
According to the equivalence principle the freely falling laboratory is at every moment a gravitation-
al-free inertial frame in the sense of the STR. Thus we already know the relationship between the 
measurements made in the falling laboratory which is at a distance r from the center of M to those 
made by the observer in ‘OFF’ position: r together with α (or Rs or Φ) determine  the value of our 
radical:

∆t(r)   =  ∆t(∞) · √  =  ∆t(∞) · √( 1 - RS / r )   ≈  ∆t(∞) · ( 1 - α / r )  =   ∆t(∞) · ( 1 + Φ(r) / c2 )

∆x(r)  =  ∆x(∞) / √  =  ∆x(∞) / √( 1 - RS / r )  ≈  ∆x(∞) / ( 1 - α / r )  =   ∆x(∞) / ( 1 + Φ(r) / c2 )

∆y(r)  =  ∆y(∞) (no lateral contraction)
∆z(r)  =  ∆z(∞) (no lateral contraction)

We obtain these results from the STR and our fourth formulation of the equivalence principle. With 
free fall we have caused gravitation to completely disappear, replacing it for the observer in the 
OFF position with a continually adjusted acceleration. The occupants in the free falling laboratory 
are in fact in an inertial frame the whole time. They must, for example, always measure the same 
wavelengths in the spectrum of an excited hydrogen atom (the experiment taking place entirely 
within the falling laboratory).  
Assume now they fly past the place r with the instantaneous velocity v = √ (2 • G • M / r). In so do-
ing they measure the frequencies in a glowing hydrogen gas cloud which is there at rest in distance 
r of M. After taking into account the Doppler effect (the laboratory occupants know their STR) they 
must obtain the usual well-known values because being in their laboratory system they are indeed 
in an inertial frame. No such thing as gravitation exists for them! 
So the hydrogen gas resting at site r in the gravitational field radiates at frequencies which are 
measured correctly with the clocks of our free falling laboratory. But these clocks are slow running 
as seen from the OFF position! This means, however, that clocks (or any other oscillating systems) 
at rest at a fixed distance r from the center of gravity run slower (in comparison with those in the 
OFF) by exactly the same factor as those in our falling laboratory. 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We thus arrive to the following formulation of the equivalence principle, which no longer applies 
generally, but is instead tailored to our specific situation:

Measurements of lengths and time intervals, in a small laboratory at rest at place r in the 
gravitational field of M are transformed the same as those of our freely falling laboratory 
falling past point r along a field line.

Considering the above equations and those from the last section, we can derive the following quali-
tative statements:

• The smaller r is, the less time elapses when compared to a clock in OFF. The stronger the 
gravitational field is, the slower the clocks run! Clocks at the same distance from the cen-
ter of M run equally fast.

• The smaller r is, the longer a segment in the radial direction will be when measured with 
local yardsticks. As seen from OFF: yardsticks shorten in the radial direction with increas-
ing strength of the gravitational field! Thus, for the thickness of a spherical shell around M, 
a local surveyor determines a larger value than an observer in OFF.

• The circumference of a circle around the center of M will be measured equally by local 
observers and by an observer from OFF.

The second and third points together imply that for an observer in the gravitational field the diame-
ter of a circle is longer than its circumference divided by π ! Therefore the laws of Euclidean geome-
try no longer apply in a gravitational field. The fact that the diameter is longer than expected (by 
Euclidean geometry) when measured locally but not when measured from OFF, is usually illustrated 
as follows:

At the top: A dimple or depression is drawn that has 
the property that the diameter measured along the 
gray area is longer than the circumference divided 
by π . One happily lets a planet circle around this 
dimple, as if it had a top and bottom and an addi-
tional gravitational field in the z-direction!  

Epstein complains vigorously about this “powerfully 
misleading notion” [15-169]. He is right. With this 
dimple one is attempting to show only the metric in 
the equatorial plane of the star. The yardsticks al-
ways lie in the equatorial plane (middle image), but 
they shorten in radial direction, when one ap-
proaches the surface of the star. In the center of the 
star they have their minimal length.  

To depict this distortion with respect to the Euclid-
ean metric, one extends the equatorial plane into 
‘hyperspace’ - whether you have a dimple pointing 
‘down’ or a bump pointing ‘up’ is irrelevant (bottom 
picture). This additional dimension has nothing to 
do with the z-direction. The point of inflection of the 
cross-section of this dimple has the z-axis distance 
R, where R is the radius of the star as measured 
from OFF. 

�109



For the following, assume we are sitting next to an observer in OFF, that is, very far from the mass 
M, at a place where the potential Φ(r) practically disappears (that is, it approaches zero...). This 
slightly fictitious position helps when we consider transforming the readings from a laboratory at 
distance r1 into those of a laboratory at a distance r2 from the center of mass. Imagine, for example, 
a flashing light of constant frequency at point r1. What time interval does a local observer at point r2 
measure with his clock until he has counted 100 light flashes?

According to the formulas at the beginning of this section we have

∆t(r1) / √( 1 - RS / r1 )  =  ∆t(∞)   =  ∆t(r2) / √( 1 - RS / r2 )         and thus

∆t(r2)   =  ∆t(r1) · √( 1 - RS / r2 ) / √( 1 - RS / r1 )  =  ∆t(r1) · √( ( 1 - RS / r2 ) / ( 1 - RS / r1 ) )
Similarly, for small lengths in the radial direction (i.e., in the x-direction)
∆x(r2) · √( 1 - RS / r2 )   =   ∆x(∞)   =  ∆x(r1) · √ ( 1 - RS / r1 )       etc.
(Small) segments orthogonal to the field lines are, however, for all observers of equal length. 

Using our approximations we get the following simpler results:
∆t(r2) / ( 1 - α / r2 )   ≈   ∆t(∞)   ≈   ∆t(r1)  / ( 1 - α / r1 ) 

∆x(r2) · ( 1 - α / r2 )  ≈   ∆x(∞)   ≈   ∆x(r1) · ( 1 -  α / r1 )

or

∆t(r2) / ( 1 + Φ(r2) / c2 )   ≈   ∆t(∞)   ≈   ∆t(r1)  / ( 1 + Φ(r1) / c2 )

∆x(r2) · ( 1 + Φ(r2) / c2 )  ≈   ∆x(∞)   ≈   ∆x(r1) · ( 1 + Φ(r1) / c2 ) 

Thus, we know exactly how the location-dependent readings for time intervals and lengths must be 
transformed. Let’s treat ourselves to a small calculation: A clock on top of a 22.6 meter high tower 
emits exactly one beep every second. An identical clock sets at the foot of the tower and measures 
the time between the beeps. We already know that the lower clock runs slightly slower. What time 
interval between the beeps does the lower clock measure?

For the ratio Δt(top) / Δt(bottom) we obtain, using the above formulas, the expression
√( ( 1 - 2·αE / (rE + 22.6)) / ( 1 - 2·αE / rE ) )       where    αE ≈  4.43·10-3 m   and   rE ≈  6.373·106 m

Entering these values in most calculators will yield simply 1! The two values differ so little that one 
cannot, even with 10 or 12 digits, see a difference with 1! The differences in small shifts of the grav-
itational field of the earth are so small that it borders on a miracle that they were already measured 
in 1960 (experiment of Pound and Rebka, see I4). In order to calculate the size of the effect, we 
should therefore not form the ratio Δt(top) / Δt(bottom), but rather form the ratio of the tiny differ-
ence between the two periods to one of the times itself. We would then get something that is small-
er than 10-12.
Thus we determine      ( ∆t(oben) - ∆t(unten) ) / ∆t(unten)   =  ( ∆t(r2) - ∆t(r1) ) / ∆t(r1)
It is recommended to use the approximation formula without the radical:

We simply write Δh for the difference (r2 - r1), and we also bear in mind that we change the result 
only in the sub part per thousand range if we write  rE2  for  r2·(r1 - α ). Thus, we get the very simple 
result
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The effect is of the order 1: 1015 and it is thus quite understandable that before we did not see a 
difference in the first 12 decimal places.

We come to a more familiar realm when we do the same calculation with the potential. As before 
we quickly get (starting with the approximation without the radical) the first term in the following line:

The first simplification is based on our additional restriction, which is easily met in the gravitational 
field of the earth: Φ(r) is everywhere much smaller than c2 and can be omitted in the denominator. 
And for the small height difference of 22.6 m at the earth's surface we can use the good approxima-
tion g • Δh for the potential difference in the numerator! With the input 9.81 • 22.6 / 9 • 1016 even 
our calculator is well-behaved giving the result 2.46 • 10-15. 

We have just quantitatively mastered a famous test of GTR ! The real trick is, firstly, to formulate the 
problem in a manner that allows a convenient calculation and, secondly, to cleverly use approxima-
tions so the result can actually be determined. More examples will follow.
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G5    Different Speeds of Light ?!

He who can measure lengths and times can also measure speed. Let’s consider how to transform 
the measurements of an observer at rest at a distance r from the center of our spherical mass into 
those of an observer at the OFF position. 
 
As in STR we must distinguish whether a speed is observed in the x-direction, i.e., along the field 
lines (and thus parallel to the velocity of our free falling laboratory), or in the y-direction, i.e., per-
pendicular to the field lines. The measured time intervals are transformed independent of the direc-
tion, while distances are dependent. With the notation vy(r;r) we denote the velocity of an object at 
distance r from the center of M in the y-direction, as it is measured from a laboratory at rest at posi-
tion r. vy(r;∞) denotes the velocity, that an observer at the OFF position attaches to the same object 
with the same motion. We calculate:

vy(r;r) = ∆y(r)/∆t(r) = ∆y(∞)/(∆t(∞)·√(1 - 2·α/r)) = (∆y(∞)/∆t(∞)) / √(1 - 2·α/r )  =  vy(r;∞) / √(1 - 2·α/r)
and thus        vy(r;∞)  =  vy(r;r) · √(1 - 2·α/r)  =  vy(r;r) · √(1 - RS/r)  =  vy(r;r) · √(1 + 2· Φ(r) / c2)  
It is exactly as in STR: A lateral velocity uy' measured locally in the red frame presents itself in the 
black frame slowed by our radical term: uy = uy' • √    (see D5)
We use the approximations of G3 for   √ (1 – 2 • α / r) to obtain the simpler expression
vy(r;∞)  ≈  vy(r;r) · (1 - α/r)  =  vy(r;r) · (1 + Φ(r) / c2)

Applying the same for velocities in the x-direction produces a different result:
vx(r;r) = ∆x(r)/∆t(r) = (∆x(∞)/√(1-RS/r)) / (∆t(∞)·√(1-RS/r)) = (∆y(∞)/∆t(∞)) / (1-RS/r) = vx(r;∞) / (1-RS/r) 
and thus      vx(r;∞)  =  vx(r;r)·(1 - RS/r)  =  vx(r;r)·(1 - 2·α/r)  =  vx(r;r)·(1 + 2·Φ(r)/c2)
Here our radical term is squared and thus the root disappears! In this case we do not need the ap-
proximations.

Elementary, but somewhat cumbersome calculations [27-135f] result in an approximation which is 
good for all directions. Let ∂ denote the angle between v and the field lines:

v(r;∞;∂)  ≈  v(r;r;∂) · (1 - α·(1 + cos2(∂)) / r)
The term  1+cos2(∂)  is equal to one, when ∂ = 90 º, that is, when the motion is in the y-direction, 
and it is equal to 2 when δ = 0 ° and δ = 180 º, that is, when it is in the x-direction. We could have 
actually guessed this formula ... 

Thus, as seen from a distance, speeds slow in the vicinity of large masses. That is not surprising, 
since time itself seems to slow down. But now the hammer: This holds for the speed of light, too !!

If we measure the speed of light in a vacuum in any direction in a laboratory resting at position r, we 
obtain the default value of c(r;r;∂) = c0 ≈ 3·108 m/s . From the viewpoint of an observer at position 
OFF, however, we obtained this value with our possibly-shortened yardsticks and our certainly-
slowed clocks. Thus for an observer from OFF, the light at the location r in the gravitational field of 
mass M must spread out with the slower and direction-dependent speed c, as follows:

c(r;∞;∂)  ≈  c(r;r;∂) · (1 - α·(1+cos2(∂)) / r) =  c0 · (1 - α·(1+cos2(∂)) / r)

This means that for an observer at OFF c0 represents only the upper limit of the speed of light for 
gravity-free space. In the vicinity of masses, light (as observed from OFF) is slower. Meanwhile, 
local observers always measure at their position the known value of c0. Locally the world is every-
where Lorentzian ...
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We make a note of the speed which light has in the vicinity of large masses for an observer in the 
OFF position:

Gravity acts (observed from a distance) on light like an index of refraction! The stronger the field is 
the slower light advances. The index of refraction depends not only on the position r, but also on 
the direction ∂. If the index of refraction changes then light no longer spreads in a straight line – 
except when the light beam runs exactly along a field line from or towards the center of M. In all 
other cases, the phenomenon of refraction occurs. We are now prepared for the calculation of the 
experimental result which made Einstein a celebrity of the first rank over night: the deflection of light 
at the solar limb, which can be photographed only during a solar eclipse (I2).

All velocities indeed transform themselves according to our formulas above, we need only replace 
c0 by the locally measured velocity v(r;r). This means that the quarter of a satellite, which is closest 
to the earth moves slightly slower than the part that lies further away! If, in a row of four people, the 
ones on the right are always a bit faster than those on the left, then the direction in which they 
march will gradually turn to the left. Instead of the free falling (or flying) satellite moving ‘straight’, it 
will therefore run in an orbit around the earth! In just this way Einstein explains the effect of gravity 
– without using the concept of force. The ‘distortion’ of the metric of space and of space-time itself 
produce 'inertial trajectories' just as we know them from Newtonian mechanics.

If we describe everything from the perspective of the observer in OFF, then we can do away with 
‘shortened yardsticks’ and ‘slow clocks’ and infer all phenomena just from this refraction in the vicin-
ity of masses. In fact, however, we are sitting in the midst of such gravitational fields, and our atom-
ic clocks today show directly the effects demanded by Einstein (I5, I6 and I7). It would be in any 
case somewhat elitist or aloof, just to deal with the world only from the OFF position ...

Epstein devotes four pages to the theme of "gravitation by refraction" [15-160ff] - recommended to 
the interested reader. A very nice relevant illustration can be found at the end of the next section.

We can now perhaps even understand the pithy comment of Misner, Thorne and Wheeler which 
summarizes general relativity theory in an unsurpassed manner:

“Matter tells space how to curve, and space tells matter how to move.”        ‘phone book’  [27-0005]

With 'space' designating 4D space-time, of course ...
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G6    Problems and Suggestions

1. Slowly pour colorless lemon syrup into a glass, which is already half filled with water. Aim 
the beam of a laser pointer through the glass and watch as the locally different indices of 
refraction provoke varying local light speeds and thus direction changes!

2. Correct and clarify the statement in [11] on page 124! It deals with the contraction of yard-
sticks in the vicinity of large masses.

3. Visit the website  www.zarm.uni-bremen.de/index.htm  to the drop tower in Bremen.

4. Calculate the Schwarzschild radius of the moon, the earth and the sun. Compare them 
with the effective radius of the spherical body, ie determine the ratio Rs / R.

5. Calculate the ratio Rs / R for an atom and a nucleus. Must the effects of GTR be taken into 
account in nuclear physics?

6. Read the Einstein biography [31] from Thomas Bührke !

7. Look for websites or documents describing the experiments of Eötvös and Dicke on the 
equality of inertial and gravitational mass, and study the basic idea of these experiments.

8. The American physicist Richard P. Feynman proposed the following to illustrate length 
contraction: Consider a huge stove, which is heated so that it is cool in the middle and 
gets warmer the further you go from the center. If done correctly then yardsticks in the 
radial direction will have the correct length due to thermal expansion! What is the power of 
this idea - and what are its flaws ?

9. Devise appropriate clocks for Feynman's hotplate version of the Schwarzschild metric.

10. How many seconds does a lifetime of 80 years have, if one lives in the Maldives or if one 
lives in the High Andes at an altitude of 4000 m ?

11. A whole new kind of matter has been found in a meteorite in which inertial and gravitation-
al mass differ. How can we ever ascertain that? What would be the consequences for the 
gravitational theory of     a) Newton     b) Einstein

12. What would be ‘rectilinear’ in a gravitational field in which light rays are bent?

13. Show that a clock on board a satellite orbiting in a circle with radius r in a Schwarzschild 
field of mass M runs slower by the factor  (1 - 3 • α / (2 • r))  than an identical clock at OFF 
position. You need both STR and GTR !

14. Calculate the quotient of the speed(s) of time of two clocks, which are near earth’s surface 
at locations with a height difference of Δh, by replacing gravity with a rocket of length Δh 
which is being accelerated with value g in a gravitation-free field. Set the initial speed to 0 
and take into account the Doppler effect! When the signal arrives at the top, the clock at 
the top is already moving a bit faster than the clock at the bottom was when the signal was 
emitted ...
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Some of the most beautiful ‘Einstein rings’ from the collection of the Hubble Space Telescope. They 
arise because the gravitational field of the central bright orange galaxy acts like a lens on the beam 
of the blue light of a far distant source (usually a quasar). We then see the same object all around 
the edge of the foreground galaxy. Also the intensity of the light of the background object is mas-
sively increased. 

Einstein theoretically predicted such gravitational lenses in 1936, but he was rather pessimistic 
about the possibility of this effect in fact ever being observed. It did take 60 years ...

-->  http://hubblesite.org/newscenter/archive,  key words ‘gravitational lens’

�115


