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E    Mass, Momentum and Energy

We now turn from kinematics to dynamics.  In the first section we examine in the context of an ele-
gant thought experiment, what influence a relative motion has on ‘mass’ and ‘momentum’. This 
provides a new argument for the fact that c is a limiting velocity. We also introduce a beautiful Ep-
stein diagram for mass and momentum, which corresponds to the one for space and time. We then 
turn to the meaning of energy and recognize that energy must have inertial mass. But how much 
mass does a given quantity of energy have? A calculation provides the best known formula of all of 
physics. This result can also be presented in an Epstein diagram using the sizes of energy and 
momentum.
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E1   The Symmetric Punch

The English and the French were for many years on the warpath with one another. They not only 
fought politically and militarily, but they also argued about whether the ‘punch’ (lat. ‘impetus’) of a 
projectile increased linearly with speed or as the square of the speed. On the island a vector-ori-
ented viewpoint was preferred, and accordingly ‘momentum’ was described by p = m • v. On the 
continent one rather relied on scalar values such as  E = 0.5 • m • v2. These preferences still show 
up today in colloquial language: If an Englishman must determine a value ‘then he will figure it 
out’ (tending to draw a geometric figure), while the Frenchman ‘va calculer ça’ (tending to solve 
some algenbraic equations). 

Today we know that both momentum and the kinetic energy have meaning, and therefore it does 
not surprise us that both the French and the English got correct results. This example shows very 
nicely, how the physical terminology needed to gradually crystallize and did not already possess 
their current definitiveness when they were first introduced. It is precisely these terms, i.e. (inertial) 
mass, momentum and kinetic energy, which are the subject of this chapter.

We must first speak of momentum, which we maintain is defined by p = m • v ! As soon as it is clari-
fied how inertial mass is transformed from one reference system to another, then it is also clear 
what happens to the momentum, because we already know the transformation of the velocities in 
D4 and D5. In any case it should be clear that momentum, just like velocity, is a highly relative 
quantity whose value (not only in the STR !) depends entirely on the choice of  reference system: In 
the system of a body at rest its momentum is always zero.

Our derivation follows the beautiful presentation in [15-110ff]. This presentation is beautiful because 
it deduces the equality of two values based on the symmetry of a thought experiment. The twins 
Peter and Danny are each on one of two Einstein trains, which are racing past each other in oppo-
site directions on a long straight stretch of track. They each throw completely symmetrical punches 
at each other perpendicular to the direction of travel of the trains:

Copyright © 2000 Lewis C. Epstein, Relativity Visualized 

The symmetry of the situation does not allow one twin to punch more strongly than the other. Both 
fists (measured at rest!) are of equal weight and both fists are equally fast in their own system (u' = 
-w). At any time the sum of the impulses in the y-direction, that is, perpendicular to the direction of 
travel, is zero for both. We regard the impact with Peter in the black, non-prime system and see the 
perpendicular velocity of u' of Danny's fist slowed according to D5. That Danny's fist carries never-
theless an equally large momentum as Peter’s can only be explained in that Danny has somehow 
increased the mass of his fist. Here Epstein tells the story of the aging bouncer in Bourbon Street, 
who can no longer punch as fast as former times and compensates by putting a role of coins into 
his fist, in order to give his punch its former strength… 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We soberly calculate assuming that the mass depends on the relative velocity. We use v (as al-
ways) to show the relative velocity in the x-direction, that is, the direction of travel of the trains:

py (Danny) = - py (Peter) due to symmetry for Peter and for Danny 
mv+u · u  =  - mw · w    for Peter and us!    u = u' • √ = - w • √   (according to D5)  yields
mv+u · ( -w · √  ) =  - mw · w dividing through by  - w we obtain
mv+u  · √   =   mw where v and u are perpendicular and are added as vectors!

This relationship applies for arbitrarily small perpendicular speeds of u' = -w, and also for the limit-
ing case of u' = -w = 0. In that case u = 0, and we can write  mv+u  as mv. The term mw  = mo  repre-
sents the mass of the fist at rest, the so-called rest mass. Thus we have found the dependence of 
the mass on the relative velocity v: The inertial mass of a body increases with the relative velocity, 
giving

This ‘dynamic mass’ mv is also used for the relativistic momentum:

Thus the mass of a particle increases with its velocity. Without allowing for this relativistic effect 
modern particle accelerators could not function! The mass increase is dramatic when the particle 
approaches the speed of light: The relationship mv/m0 follows the function 1/√, and as v →  c this 
function approaches infinity:

We now have a completely new reason that c is a limiting velocity: The mass being accelerated 
increases infinitely, as the velocity v approaches the speed of light! The body thus offers an ever 
larger resistance to further acceleration. We will see this even better when we treat the question of 
energy. 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E2   Epstein Diagrams for Mass and Momentum

Thus we obtain ‘dynamic mass’ mv by dividing ‘rest mass’ m0 by our well-known radical, which cor-
responds in the Epstein diagram to the cos(φ). Therefore we can represent mv and m0 in a simple 
diagram (Note: German 'Ruhemasse' means 'rest mass'):

Does the projection of mv on the horizontal axis have a meaning and if so what is it? We obtain this 
projection with mv • sin(φ), and if we remember what the sine value means in the Epstein diagram, 
then we immediately have

< ? > = mv • sin(φ) = mv • v / c = p / c
Thus we can completely label the Epstein diagram for mass and momentum (Note: German 'Im-
puls' means 'momentum'):

The faster an object is the larger the angle φ becomes, and the more the dynamic mass and the 
momentum of the object grow (if the rest mass remains constant). sin(φ) and cos(φ) keep their 
former meaning. Here one sees again, what a beautiful representation we would have if c simply 
had the unit-less value 1: one space-time unit per space-time unit. The transition from the usual 
technical units to these more ‘natural’ ones is, however, easy to make and is open to the willing 
reader. We nevertheless permit ourselves to speak of this diagram as the mass-momentum dia-
gram. 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We solve yet another standard task with such a mass-momentum diagram: How fast does an object 
have to move in order to double its mass? If we give m0 5 little squares then mv amounts to 10 little 
squares:

A compass arc with radius 10 squares gives us mv and φ. We read from the diagram: 
v / c = sin (φ) ≈ (8.6 or 8.7 squares) / (10 squares) ≈ 0.86 or 0.87
The object must therefore move with approximately 87% of the speed of light. The calculation of v/c 
yields the exact value √(3) / 2 with the approximate value 0.8660.

The opposite question (‘How large is mv/m0 for an object, which moves with 90% of c?') can be 
answered just as easily with an Epstein mass-momentum diagram. If one wants to completely 
avoid using a pocket calculator then one should make certain that mv in the denominator corre-
sponds to a simple number of squares (best 10 or 20). For three or more digits of accuracy then 
millimeter scaled graph paper must be used ...

Samuel Edelstein’s copy of [15] and David Eckstein’s copy of the German edition

Although recommended by many authors, both the English and the German editions of the book 
are out of print. A few used copies are available at rather high prices via Amazon. 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E3   Mass and Energy – Observations in a Closed System

For the following considerations we must introduce the concept of a ‘closed system'. One imagines 
an arbitrarily large, clearly limited space (e.g. a cube, a box, or the inside of an enormous thermos 
bottle etc.). One postulates that the enclosed area has no exchange with the surrounding space: 
Neither matter nor charge, neither energy nor momenta flow through the walls. No fields on the 
outside have influence on the inside nor vice-versa, nor do any forces from the outside act on the 
inside, nor any from the inside on the outside. We imagine such an ideal region of space and we 
immediately admit that no such thing really exists. We also know that no Einstein trains exist, no 
ideal clocks and no rigid yardsticks! That cannot prevent from imagining such things.

Let such a closed system contains only two lead clumps of equivalent mass, which race toward 
each other with equal velocities. After the collision they form one large clump of lead at rest (dia-
gram and argument from [15-117]):

before                                                            after        

The drawings on this and on the next side are Copyright protected © 2000 by Lewis C. Epstein, Relativity Visualized

Where does the increased mass go, which, due to their speed, the two clumps possess before the 
collision? It must be somewhere in our closed system. Students usually hit upon a good answer: 
The large resting clump is warmer due to the deformation of the collision. The individual particles of 
matter have an increased velocity. The dynamic mass is thus still available, but no longer macro-
scopically visible. Okay, but that means that we add mass to a stone, whenever we warm it up - no 
matter how -! Energy input is thus connected to an increase in mass. If we use a car battery and a 
radiating heater, in order to warm up a stone, the stone will have more mass afterwards than before 
- and the battery less! With the flow of energy from the battery into the stone we have also moved 
mass into the stone!

We can easily switch the thermodynamics off in our thought experiment, if we reverse the process: 
A spring is wedged between two small clumps with the assistance of a thread. The thread is 
strained to its limit and is about to break. The spring relaxes, remains where it was and the two 
clumps race in opposite directions from it. They both have a large speed now and their mass thus 
increases. Where does this mass come from? The spring got warmer when relaxing, so the extra 
mass cannot this time be from the temperature. If afterwards the clumps have more mass - what 
did we have before? Before elastic energy was in the tensed spring, and the additional mass must 
have come from it.
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Epstein provides in [15-117f] a similar example:

before  after

Before, the flywheel is at rest and the spiral spring is tensed. After, we have a relaxed spiral spring 
and a rotating flywheel. The rotating flywheel must have more mass than the one standing still. This 
additional mass can come only from the energy in the tensed spring. Yes, we must say that this 
additional mass of the flywheel was previously in the tensed spring, if we assume the entire mass in 
a closed system must be constant.

We must get accustomed to the idea that an energy input always implies an increase of mass. A 
spring has more mass after stretching than before, and a loaded condenser must have more mass 
than one unloaded, although only some electrons were shifted from one condenser plate to the 
other. The question then arises, how much additional mass does a joule of additional energy bring? 
The Scottish brewer and ‘amateur physicist’ James Prescott Joule answered the question in 1843, 
how many joules of mechanical energy correspond to a calorie of heat energy. We must now clarify, 
how many joules of energy correspond to a kilogram of mass!

Joule at the age of 16 to 18 enjoyed 
together with his brother two years of 
private instruction with the great John 
Dalton. He was not allowed to study at 
a university and had to take over the 
direction of the family brewery at an 
early age. It is very informative to see 
how hesitantly the distinguished Royal 
Society in London and other estab-
lished gentlemen took notice of Joule’s 
elegant experiments. Commendable 
exceptions were James Clerk Maxwell, 
whom we have already met and John 
Davis, promoter also of another great 
autodidact Faraday. 

Read the wikipedia contribution to 
Joule!

James Prescott Joule (1818-1889) 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E4   Energy has Mass. How Much Mass Does 1 Joule Have?

If we accelerate an object with rest mass m0, it gains not only velocity and kinetic energy, but its 
mass mv also becomes larger. We want to now treat this computationally, in order to determine 
quantitatively the additional mass gained by this energy input. We want to exactly derive this impor-
tant result and therefore need integral calculus, albeit only to the extent that a first year calculus 
student has at their disposal. Physics can also serve mathematics by showing how powerful formal 
mathematical methods can be.

The kinetic energy is equal to the accumulated work of acceleration, and we obtain this with the 
integral F • ds over the distance of the acceleration:

∆W = ∫ F • ds = ∆Ekin = Ekin       (the last equal sign pertains only to the case where v0 = 0)
According to Newton force F is the change of momentum over time:    F = dp / dt = d(m • v) / dt
We use this to rewrite the integral over F • ds:

Instead of integrating over the distance of acceleration we can now integrate over the increase in 
velocity

In order to gain some confidence in this procedure we first compute the classical case. In this case 
the accelerated mass is constant, and the derivative of m • v over v simply gives m. Thus (1) yields:

We obtain the familiar expression for kinetic energy, which hopefully somewhat alleviates any dis-
trust arising from all the juggling of dv's and dt’s!

What value does the expression d(m • v) / dv have in the relativistic calculation? It is

This expression is occasionally called the ‘longitudinal mass’. We stress however that there is only 
one expression for the inertial mass of a body, i.e. mv = m0 / √ , and that expression is direction-
independent. People spoke of the longitudinal and transversal mass before clarifying that force and 
acceleration transform differently for the directions parallel and perpendicular to v. 

�74



Thus we can also calculate (1) in the relativistic case:

       
mo being a constant term

 
write the ‘inner derivation’  

             as an explicit factor  
 

simplify and insert limits 

expand and remember the

the definition of mv in E1 !

 

We have found the connection between the energy gain ∆E (or performed work ∆W) and the mass 
increase ∆m we were looking for. The resulting formula is so simple that it has attained a strange 
popularity.

 

The illustration on the 
cover of the otherwise 
smart booklet [21] about 
the STR serves all the 
popular clichés. Of course, 
the formula E = mc2 is not
missing … 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The US Navy even improved the formula in celebration of the 40th anniversary of nuclear-powered 
aircraft carriers. Sailors served as ‘pixels’:

 
Back to physics. We present in a red box, what Einstein himself later designated as the most mean-
ingful result of the STR:

∆E = ∆m · c2      

Thus 1 Joule of energy produces an increase in mass of around 1 kg divided by c2. Here we are 
glad that we did not standardize c with the value 1, since otherwise this conversion factor between 
the energy and the mass would not be so obvious!

Our derivation also reveals the correct expression in the SRT for kinetic energy:

Ekin = (mv - mo) · c2 

That this formula turns into the classical expression 0.5·mo·v2  for small speeds is not obvious. If the 
graphic on the following page does not suffice, then try the following: Develop the term 
1/√  = ( 1 - (v/c)2 ) -1/2 = ( 1 - x2 ) -1/2  for x into a power series (find a collection of formulas or use a 
computer algebra program) and cancel out (for small values of x) the fourth and higher order terms.

By the way, Einstein found the relationship ∆E = ∆m • c2 shortly after the appearance of [09-123ff] 
and in the autumn of 1905 communicated it quasi as an addendum [09-161ff]. As early as 1901 
Walter Kaufmann (1871-1947) had pondered a dependence of ‘transversal mass’ on velocity due to 
measurements he made of fast moving electrons. Due to its fundamental meaning the formula was 
experimentally examined again and again. In 2005 two groups of researchers in Canada and the 
USA were able to increase the accuracy to 1 part per million [ nature 438, p.1096-1097 ]. 

And, above all: None of the many experiments could prove any deviation from Einstein's formula! 
Theories cannot be confirmed by experiments, however they can be falsified. 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We want to compare the kinetic energy according to the classical and the relativistic calculation in a 
diagram. We draw Ekin / E0 for values x = v/c from 0 to 1. The classical behavior corresponds to 
the blue curve with y = 0.5 • x2, while the relativistic to the red curve with  y = 1/√(1 - x2) - 1 :

The curves deviate from each other only for larger velocities. Electrons can readily be accelerated 
to 0.8 • c and thereby show clear deviations from classical behavior (experiments by Kaufmann, 
see problem 4).

Very fast-moving particles (v ≈ c) also make possible a very fast derivation of the relationship be-
tween the mass increase and the energy gain. Assume a particle already has a velocity, which dif-
fers only fractionally from c (e.g., by a thousandth of c). Any added energy will serve practically only 
to increase the mass. As a good approximation p = mv • v ≈ mv • c and thus dp / dv = c • dm / dv. 
It follows immediately 

dW = (dp / dv) • v • dv = c • (dm / dv) • c • dv = c2 • dm
and we are finished: The mass increase is proportional to the energy input, and the proportionality 
factor is the square of the speed of light! This is actually the counterpart to the classical calculation, 
which we made at the beginning of this section and where we additionally assumed m to be con-
stant.

Thus the product of a mass with the square of a velocity represents (as we knew all along) an en-
ergy. We derived:
∆W = mv • c2 – m0 • c2 = ∆m • c2 = Ekin = m0 • c2 • (1 / √ – 1)
The expression mo·c2 represents the quantity of energy corresponding to the rest mass, which the 
object already possessed before acceleration. Therefore one calls mo·c2 the rest energy of the ob-
ject and writes it as Eo . The expression  mv·c2  stands for the sum of the rest energy and the kinetic 
energy and is therefore the total energy of the object. We will write this as Etot . 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E5   Epstein Diagrams for Energy and Momentum

Why not make our lives easy for once? Take the Epstein diagram for mass and momentum of E2 
and multiply all distances by c2! After a close look we now see that we have an Epstein diagram for 
energy and momentum before us: The rest mass m0 becomes m0 • c2, and therefore the rest ener-
gy E0, the dynamic mass mv becomes mv • c2, and therefore the total energy Etot, and on the hori-
zontal axis instead of p / c we have p • c:

Naturally φ, sin(φ) and cos(φ) keep their previous meaning. We can however check the relations in 
this new context:
Etot • sin(φ) = mv • c2 • v / c = mv • c • v = mv • v • c = p • c
Etot • cos(φ) = mv • c2 • √ = (mv • √ ) • c2 = m0 • c2 = E0

We also maintain the important relationship between the energies and momentum. Using the Py-
thagorean Theorem:

( Etot )2  =  ( Eo )2  + ( p·c )2               ( 2 )
Also kinetic energy can easily be made visible: One circumscribes a circle around the origin with 
radius Eo and notes that  Ekin  is the difference  Etot - Eo .

We should again point out that no particle that has a non zero rest mass can ever completely reach 
the speed of light. One would have to spend an infinite amount of energy on its acceleration! Imag-
ine the angle φ in the above diagram approaching 90º ever more closely and consider how the total 
energy of the particle increases as it does so!

Reversing our logic we can also conclude that photons do not have a rest mass, since they always 
have the velocity c. From E0 = 0 it follows that Etot = p • c from (2). These light particles carry not 
only energy, but also a well-defined momentum p = E / c within themselves. This momentum of the 
light particles produces a certain pressure on an illuminated surface. In addition, there is a particu-
larly beautiful illustration of the effect: Astronomers have known for a long time that sunlight exerts a 
radiation pressure on the tail of a comet. The comet tail always flows away from the sun. As a 
comet moves away from the sun, it does not pull its tail behind it, but instead the tail flies ahead of 
it! The dust tail, which consists of heavier particles, appears somewhat more lethargic than the gas 
or ion tail, which consists mainly of water molecules. The following picture beautifully shows the two 
components of the tail. It is of the comet Hale-Bopp, as seen in March 1997.  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http://astronomy.swin.edu.au/sao/imagegallery/Hale-Bopp.jpg

One should not think that the total energy of an object always increases as it moves faster. The 
important thing is whether energy is input to it or not. Thus the total energy and mass of a streetcar 
which pulls energy from a power line actually does increase as shown in the Epstein diagram 
above. However, the situation is different for the battery-operated electric vehicle. It takes the ener-
gy needed for its acceleration ‘from its own substance’, and thus converts electro-chemical energy 
into kinetic energy. Neither its total energy nor its mass increases. Try drawing the appropriate Ep-
stein diagram!

Algebra delivers further relationships between the energies, momentum and relative velocity. We 
present the most important here:

cos(φ) = √ = m0 / mv = m0 • c2 / mv • c2 = E0/ Etot

sin(φ) = v / c = √( 1 - m02 / mv2 ) = √( 1 - E02 / Etot2 ) = √( 1 - 1 / ( 1 + Ekin2 / Etot2) )
m02  =   mv2   -   p2 / c2   
E02   =   Etot2   -   p2 ·c2 

p2   =   ( mv2 - m02 )·c2

Because of its great importance the equation ∆E = ∆m • c2 is always being derived in new ways. 
Perhaps the most beautiful and simplest derivation is from Einstein himself in 1946 (!) in his very 
readable book “Out of My Later Years” [22-121ff]. The derivation is not completely accurate (it uses 
some approximations), however it requires nearly no mathematics and makes few assumptions. It 
is warmly recommended to the reader. 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E6   Problems and Suggestions

1. How much mass does a radio station radiate daily, if it broadcasts around the clock with an 
output of 12 kW?

2. How much mass is supplied daily to the earth through its exposure to the sun? Assume a 
‘solar constant’ of 1400 W/m2 . What pressure does this radiation exert on the earth  
 (→ E5 )?

3. In 2005 the total energy consumption of Switzerland according to the Federal Bureau of 
Statistics amounted to 890' 440 TJ. How many m3 of granite does this correspond to?

4. Calculate in general the v / c for electrons, which have passed through a given accelerat-
ing voltage U       a) classically    and     b) relativistically

5. For a few years now HighCap condensers have offered capacities of several Farads. 
However they can not be used with high voltages. A HighCap condenser of 4.7 Farad has 
a mass of 4 gram when uncharged. What mass does it have, after it is subjected to 12 
volts?

6. Chemists always suppose the conservation of mass. Is it not possible however that so 
much energy is set free with violent reactions that a small mass deficit becomes measur-
able? Examine the following gas reaction (called an oxyhydrogen reaction): 2 mol H2 and 
1 mol O2  yield 2 mol of H2O, and thereby an energy of 2 • 240 kJ is released. What % of 
the original mass ‘disappears’ in this reaction?

7. Which velocity (as % of c) results in mv = 3 • m0? Solve the problem with both a diagram 
and a calculation!

8. The ratio mv / m0 can be taken as a measure for velocities reached in a particle accelera-
tor. Another measure is the difference to the speed of light, and yet another is the energy 
input into the particles. At the Super Proton Synchrotron in CERN one can accelerate 
since 1976 protons in such a manner that mv is 427 times as large as m0. Compute v / c, 
the difference c – v, as well as the necessary acceleration energy in GeV.

9. Continuation of problem 8: The CERN circular tunnel, in which the protons race around, 
has a radius of 1200 meters. How strong does the magnetic field have to be, in order to 
hold the protons with assistance of the Lorentz force on the circular path, given that they 
only have a rest mass m0? What mass mv do they have, given that an effective magnetic 
field of 1.11 Tesla is required?

10. The energy of the electrical field of a charged sphere amounts to  q2 / (2·4·π·ε0·r) . 
What radius results for the electron if one assumes that its rest mass is nothing more than 
the mass which corresponds to the energy of its electrical field? (Note: there are no  
experiments, which prove a spatial expansion of the electron)

11. We know from E1 that momentum is invariant perpendicular to v:  py’ = py . If one defines 
force as temporal change in momentum (F = dp / dt), then it is easy to show how forces 
perpendicular to v are transformed. From this one can derive that the pressure is an  
invariant. The general gas equation p • V = n • R • T then provides the transformation of 
temperature, and the transformation of temperature provides the transformation of  
energy… 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This is a so-called 'autostereogram': Fix your gaze at a point some 40 cm behind the picture, while 
letting your eyes adapt to the picture itself. Some never succeed while for others the 3-D effect pre-
cipitates almost immediately as they ‘sink into the picture’. With some effort most eventually suc-
ceed and subsequent success usually comes more easily…

By the way: It is much more impressing in the landscape format!
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